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1. Introduction

Relaxing the unconfoundedness assumption.

(Wi L (Yi(0), Yi(1)] | Xi
To satisfy this, we should observe all confounders to make the
dependence between W; and (Y;(0), Y;(1)) ‘zero’.(very strong)

= we observe confounders to make the dependence between W,
and (Y;(0), Yi(1)) ‘small.

How to assess the magnitude of violations from
unconfoundedness?
How to estimate ATE under this relaxed assumption?

Two approaches : Manski, Rosenbaum-Rubin



1. Introduction

Instead of focusing on obtaining point estimates of the
causal estimands of interest, we end up with ranges of
plausible values for these estimands.

Recall IRS lottery data (see 14.6.2 in the textbook).

Before : The estimated [causal effects of ‘winning the lottery’ on
‘annual labor income averaged over the first six years after playing
the lottery’] is —5.34 and the p-value is < 0.001 under
unconfoundedness.

After : The estimated range of the [causal (~)] is [—8.24, —2.44]
and the p-value is 0.03 under some relaxed assumptions.



1. Introduction

In this section, we restrict the discussion to the case with binary
assignment, binary outcomes and a simple case with no observed

covariates.

(W;,Yi(0),Y;(1) € {0, 1} and there isn’t any observed X;.)



2. Manski Bounds Analysis

We only observe (W;, Yj). We can estimate the three quantities
(p, bt1, he,0) Without unconfoundedness assumption.

where p = E(W)), ur1 = E[Y;(D)|W; = 1] = E[Yj|W; = 1],
teo = E[Yi(0)|W; = 0] = E[V;|W; = (]

But we don't know the quantities

weo = E[Yi(1)|W; = 0], uec1 = E[Yi(0)|W; = 1]



2. Manski Bounds Analysis

If we know the triple (p, i1, tec,0), We can calculate the bound
for ATE 7sp as

Top =t — e = (P~ pe1+ (1 =p) peo) = (P te1 + (1= p) - Leo)
elp-pe1—p—(1 p) Beo, P et + (1 =p) = (1= p) - peol

where pr = E[Yj(1)] = p-pe1 + (1= p) - peo

and pc=E[Yi(0)] =p-pec1+ (1 =p)- peo



2. Manski Bounds Analysis

If the triple (p, t1, tieo) = (0.3,0.6,0.4), the bound is

[p-per—p—(1=p) peo, p-pe1+ (1 =p)—(1=p)- peo]
= [-0.4, 0.6]
The bound is too wide.(always contains 0)

It's because we don't rule out the extreme cases
(1) peo =1 and pe1 = 0 (upper bound)

(2) peo =0 and pe1 = 1 (lower bound)



3. Rosenbaum-Rubin Sensitivity Analysis

We still consider the case with no observed covariates X;.

Assume unconfoundedness given unobserved covariate U; € {0, 1}.

(Wi L (Yi(0), Yi(1)] | Ui

Define g = Pr(U; = 1).



3. Rosenbaum-Rubin Sensitivity Analysis

We still consider the case with no observed covariates X;.

Assume unconfoundedness given unobserved covariate U; € {0, 1}.
(Wi L (Yi(0), Yi(1)] | Ui

We consider following models:

_exp(Yo+71-u)

Cl4exp(vo+m-u)
exp (o + o1 - u)

1+exp(ao+on-u)

B . exp(Bo+pa-u)
PrYi(0) =1[ Ui =u) = 1+exp(Bo+pFr-u)

Pr(Wi=1|U =u)

Pr(Yi(l)=1|U; =u) =

Note that if (a1,61) = 0 or y; = 0, then W; L (Yj(0), Yi(1)).



3. Rosenbaum-Rubin Sensitivity Analysis

There are seven scalar components of the parameter

6 = (q,v1, 21,01, Y0, @0, Bo), which we partition into two
subvectors.

(1) 6s = (q,v1, @1,0B1) : the sensitivity parameters. We postulate
(ranges of) values for them a priori.

(2) e = (0, @0, B0) : the estimable parameters. We estimate
them from the data.
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3. Rosenbaum-Rubin Sensitivity Analysis

If 6s = (q,7v1, a1,B1) and observed data captured by the triple
(P, fie,1, he,0) are given, we can estimate 8, = (o, &0, Bo) by
finding solution of these three equalities (see Appendix).

p=a- % (1-a)- lj—xepx(&qv)o)
Ht1 = exD(’Yo:’]h.)% ep(1) xp (a0 + al)
'm"‘(l_q)'m 1+ exp(ao+ai)
+ exp(’YO(-%]—-’Yl_) q) . 1ixep><(p’y(()7)0> exp(70) ' 1 o (aO)
q'mt(l—q%W +exp (o)
feo = I Tt @Bt by
9 oo T (=9 Tesmy 1+ exp(Bo+Br)
N (1~ 9) - ot exp (Bo)

1 1 :
Q'm-k(l—q)-m 1+ exp (Bo)
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3. Rosenbaum-Rubin Sensitivity Analysis

These values for the estimable parameters (g, ag, Bo) are
uniquely exist for all values of (p, t,1, bc,0), and for all values of
95 = (qrrylv alrﬁl)

And similarly with the equalities, we can express ¢ o and pe1 as
the functions of (q,v1, @1, 81, Y0, @0, Bo)-

Finally, 7op = it — pic = p- (e1 = pe1) + (1 = p) - (be,0 = Beo)
is a function of (p, w1, the,0) and 6s = (g, V1, o1, B1).
Top = T(q,v1, 21,81 | P, e, heo)-

Flow Chart :
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3. Rosenbaum-Rubin Sensitivity Analysis

Tsp = T(q,’y:[,a]_,ﬁl ’ p.,u't,lruC,O)'

If we know (p, tt1, tic0), given a set of values © for 6,

Tsp € [Tiow vThigh] .

where Tigy = inf T(q, 71, 01,61 | P 1. tc,0)
(g,71.21.81)€©
Thigh = sup T(q,v1. 00,81 | P, e1, tc,0)

(q.v1,01.81)€©
Note that if the components of 85 are close to 0, it implies U is
not an important confounder.

How to set a reasonable ©7
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3. Rosenbaum-Rubin Sensitivity Analysis

How to set a reasonable ©7 : We use observed covariates.
If we observe normalized covariates Xy, --- , Xk,

We can estimate the parameters of the model

exp(0ko+0k1-Xki)
Pr( =1 | X/k) T 1+exp(dko+0k1-Xki)

bs __ v ) exp(CkotCra - Xki+Cro-Wi)
Pr (Y"o T=1[W X’k) T 1+exp(CrotCr1-Xki+ ko W))

and set a © as

€[0,1],m1 € {—2 : mkax]&d] 2 mkax]&d]] ,

ai,Pi € [—2 + max Cha] . 2 mEXKqu

(Note that we said we only consider the case with no observed

covariates.)
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3. Rosenbaum-Rubin Sensitivity Analysis

The bounds analysis can be viewed as an extreme version of a
sensitivity analysis.

Tep = T (G, 71, 01,81 | P bhe,1, Be0)-

If we let g = p, v1 — 0. a1 — —0oo0 and B — —o0, then
Tsp = Pt +(1—=p)—(L—=p) - peo,

which equals to the upper limit in the Manski bounds.

Similarly, if g = p, 71 — 0, a1 — o, and 81 — o, then

Top = P le1 — P — (1 —=p) - teo,
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4. Rosenbaum-Rubin Sensitivity Analysis for p-value

The calculated bounds are obtained when p, tt.1, tic,0 are given.
But we don’t know them exactly because of sampling variation.

If we know propensity score, then we can calculate Fisher p-value.
(unconfoundedness is only used in estimating propensity score.)

For example, in lottery data, the statistic T9f = Y[°bs — yobs js
—0.12. Under bernoulli trial with assignment probability 0.47, the
p-value can be calculated as 0.026.

So we can calculate maximum p-value given the bound of
propensity score.
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4. Rosenbaum-Rubin Sensitivity Analysis for p-value

Denote the estimated propensity score under the assumption of
unconfoundedness by &;, and the actual treatment probability by
p;. For a pre-specified constant I, let us assume that

llogit(&) — logit(p)| < T,

holds for all i = 1,..., N, which gives the bounds of p;.

pi € (pmin,i: pmax,i)v where Pmin,i = lOgit(_l)“Ogit(é/) - r) and
Pmax,i = |Ogit(71)(|09it(éi) + r)

For each p1, -+, pn, We can calculate p-value.

So, we can get the bounds of p-value = the maximum of p-value.
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The derivation of second equality (in 10p) is as follows.
pe1 =E[Yi(1)|W; = 1]
—Pr(Ui=1|W,=1)-E[Y,(1) | W, =1,U; = 1]
+(1-Pr(Ui=1|W;=1))-E[Yi(1)|W;=1,U =0]
exp(¥o+71)

- a- 1+exp(v0+71) . exp (Oco + a‘)

T _exp(o+) _ ). _exp() 1+ exp(a a
9 THewn(vo Fy1) + (1 q) 1+exp(70) N p< o+ 1)

(v0)
(1 =9 Trepto) exp ()

exp(¥0+71) op()
q- l-CXIJ(b’YOJrl’YQ) + <1 o 67) " T+exp(v0) L exp (O(o)

+
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